We discuss the Hopf-Wess-Zumino term in the effective action of the 6d (2, 0) theory of the type A N −1 in a generic Coulomb branch. For such terms, the supergravity calculation could be trusted. We calculate the WZ term on supergravity side and show that it could compensate the anomaly deficit, as is required by the anomaly matching condition. In contrast with the SYM theory, in which each WZ term involves one root e i − e j , here, the typical WZ term involves two roots e i − e j and e k − e j . Such kind of triple interaction may come from the integrating out of the massive states carrying three indices. A natural candidate is the recently proposed 1/4 BPS objects in the Coulomb phase of the 6d (2, 0) theories. The WZ term could be derived from the field theory by the integration out of massive degrees of freedom. Without the 6d (2, 0) theory at hand, we take the supersymmetric equations for the 3-algebra valued (2, 0) tensor multiplet as the prototype to see how far we can go. The H 3 ∧ A 3 part of the WZ term is obtained, while the A 3 ∧ F 4 part, which is the term accounting for the anomaly matching, cannot be produced by the standard fermion loop integration.
Introduction
Low energy effective action of the field theory in the Coulomb branch may contain the WessZumino term arising from the integration out of massive fermions getting masses via the Yukawa coupling with the vacuum expectation value of the scalar fields [1, 2] . The existence of the Wess-Zumino term is also required by the anomaly matching condition [3] . At a generic point of the moduli space, the gauge symmetry is broken, and then, the 't Hooft anomaly produced by massless degrees of freedom is different from the anomaly at the origin. On the other hand, the anomaly matching condition states that the 't Hooft anomaly should be the same everywhere on the moduli space of vacua. As a result, away from the origin, the integrating out of the massive degrees of freedom should generate the Wess-Zumino term in the low energy effective action compensating the deficit so that the total anomaly remains the same [3, 4] .
The WZ term is a topological term that does not depend on the metric nor the coupling, so it is protected without the need of invoking any supersymmetric non-renormalization theorems. For such terms, we may expect that the 1-loop calculation in field theory and the supergravity calculation would match. On supergravity side, the Wess-Zumino term is associated with the magnetic-electric coupling. For Dp-branes with p ≥ 3, it is given by F 5 , because the D3-brane carries magnetic as well as the electric charge [6] . For M5 branes, the WZ term is composed by W 6 db 2 ∧ A 3 and W 7 A 3 ∧ F 4 , which are discussed in [7] and [4] respectively. W 6 db 2 ∧ A 3 does not contribute to the anomaly. It is W 7 A 3 ∧ F 4 that accounts for the anomaly deficit. [4] considered the situation when the gauge symmetry is broken from SU(N + 1) to SU(N) × U(1) by the vacuum expectation value φ a . The corresponding WZ term takes the form of W 7 σ 3 (φ) ∧ dσ 3 (φ), where dσ 3 (φ) is the pullback of the 4-form field strength generated by a single M5 brane while σ 3 (φ) is the corresponding 3-form potential.φ = φ/|φ|. It was shown that with the coefficient given by N(N + 1)/2, the WZ term could reproduce the anomaly deficit between SU(N + 1) and SU(N) × U (1) . In this note, we will extend the discussion to the generic Coulomb branch (φ a 1 , · · · , φ a N ). We will show that the supergravity calculation could give the right coefficient, while the WZ term, although takes the form of W 7 σ 3 (φ ij ) ∧dσ 3 (φ kj ) withφ ij = (φ i −φ j )/|φ i −φ j |, could produce the same amount of anomaly as that of W 7 σ 3 (φ) ∧ dσ 3 (φ). So the WZ term obtained from the supergravity calculation indeed compensates the anomaly deficit thus should appear in the low energy effective action, as is required by the anomaly matching condition.
In the generic Coulomb branch, the WZ term in SYM theory is (−1)
p−4 , 1 which is the typical pair-wise interaction arising from the the integration out of massive fermions carrying index (i, j), or open strings connecting the i th and the j th D-brane [5, 6] . The term W 7 σ 3 (φ ij ) ∧ dσ 3 (φ kj ) for M5 branes seems indicate some kind of triple interaction: three M5 branes could interact simultaneously. One may naturally expect that such term comes from the integration out of massive fermions with (i, j, k) index, or open M2 branes connecting the i th , the j th , and the k th M5 branes. In [8] and more recently, [9] , the 1/4 BPS objects in the Coulomb phase of the ADE-type 6d (2, 0) superconformal theories are considered. They are made of waves on selfdual strings and junctions of selfdual strings. In [9] , it was shown that the number of 1/4 BPS objects matches exactly one third of the anomaly constant c G = d G h G for all ADE types, indicating that the anomaly may be produced by these 1/4 BPS objects. Moreover, the tension of the string junctions is characterized by (|φ i − φ j |, |φ j − φ k |, |φ k − φ i |), which is just what is needed to produce the WZ term, since the selfdual string with tension |φ i − φ j | is not enough to give the coupling like σ 3 (φ ij ) ∧ dσ 3 (φ kj ).
For SYM theories, the WZ term could be derived by a 1-loop calculation [5, 6, 10] . It is expected that the WZ term for 6d (2, 0) theories could also be obtained via a proper integration. The 6d (2, 0) theory is not constructed yet. Nevertheless, the form of the WZ term may offer some hint on the possible structure the underlying theory. Of course, it is possible that to construct the 6d SCFT, some new ingredient must be added making the theory different from the QFT in normal sense, and so the way to calculate the WZ term is also beyond the present knowledge. On the other hand, if the 6d (2, 0) theory could be built as an ordinary quantum field theory just as that for M2 branes, we will be able to calculate the WZ term with the standard field theory methods. In [11] , the supersymmetric equations of motion for the 3-algebra valued (2, 0) tensor multiplet were found, which may shed light on our understanding of the mysterious 6d SCFT. We will calculate the WZ term for the 3-algebra valued (2, 0) tensor multiplet to see how far we can go. The H 3 ∧ A 3 part of the WZ term is obtained. Especially, without the constraint equations in [11] , H 3 ∧ A 3 cannot be derived. However, the A 3 ∧ F 4 part cannot be obtained by the 1-loop fermion integration, so either a refined calculation method or a refined theory is needed. This paper is organized as follows: In section 2, we get the WZ term for 6d A N −1 (2, 0) theory in a generic Coulomb branch from the supergravity calculation. Part of the details is given in appendix A. In section 3, we show that the WZ terms obtained from the supergravity calculation could indeed compensate the anomaly deficit thus guarantee the anomaly matching condition. In section 4, we discuss the possible degrees of freedom in M5 branes producing the WZ term. In section 5, we caculate the WZ term for the 3-algebra valued (2, 0) tensor multiplet. The conclusion is in section 6.
2 The Hopf-Wess-Zumino term from the supergravity calculation
Consider the 6d (2, 0) field theory describing N M5 branes. On a generic Coulomb branch (φ a 1 , · · · , φ a N ) with a = 1 · · · 5 and φ i = φ j , for i = j, the gauge symmetry is broken to U(1) N . On supergravity side, we have N M5 branes locating at (φ 1 , · · · , φ N ). On field theory side, N copies of (2, 0) tensor multiplets remain massless, while the rest fields get masses. Integrating out these massive degrees of freedom, one may obtain the effective action of the 6d, (2, 0) field theory on Coulomb branch. At least for WZ terms, the calculation on both sides should coincide. 6d (2, 0) field theory is still mysterious to us, while the multi-centered supergravity solution of M5 branes is more tractable, so we will try to get the WZ term in the effective action through the supergravity calculation.
The action for the coupling of M5 branes with the 11d supergravity could be written as 2 [12, 13, 14 ]
where
d * G 7 = * J 6 . * J 6 is the the M5-brane current. The last term in (1) is just the Hopf-WessZumino term proposed in [4] . The field equations forF 4 are
(5) * G 7 , A 3 , and F 4 have the dependence on gauge, while * J 6 , h 3 , andF 4 are gauge independent. (4) and (5) only contain gauge invariant quantities.
Suppose the vacuum expectation values of b 2 are equal to zero, consider N M5 branes locating at (φ 1 , · · · , φ N ). The WZ term is related with the electric-magnetic coupling, so we only need to calculate the magnetic field generated by M5 branes in the given configuration, which, in present case, isF
where ω 4i is the unite volume form of S 4 surrounding the i th brane. The corresponding 3-form field is
dσ 3i = ω 4i . To calculate the WZ term on the j th M5 brane, we need the pullback of A 3 and F 4 on the corresponding W 7 . The pullback of * G 7 on W 7 vanishes, so we simply have
where dσ 3ij = ω 4ij . ω 4ij is the pullback of ω 4i on W 7j . Altogether,
Aside from the F 4 ∧ F 4 ∧ A 3 term in supergravity, A 3 ∧ F 4 is the other term which has the N 3 scaling. However, (9) is still not exactly the WZ term in the effective action. First, when i = j = k, we get a self-interaction term. There are totally N such terms. These self-interaction terms will be produced only after the N massless tensor multiplets are also integrated out. Since we only integrate massive degrees of freedom, these terms will not appear in the effective action. Second, as is shown in the Matrix theory calculation [15] , for the given brane configuration, or equivalently, the Coulomb branch, the more accurate expression for the effective action on supergravity side should be
where S g is the action of the supergravity fields generated by M5 branes, while S M 5 is the action of M5 branes on the background generated by themselves. S ef f is on-shell with respect to supergravity as it should be. (9) comes from S M 5 . In appendix A, we will show that S g contains a term which is −2/3 of (9), so altogether, we have
The anomaly matching
At the origin of the moduli space, 6d, A N −1 (2, 0) field theory has the following form of anomaly when coupled to a background SO(5) R gauge field 1-form A, and in a general gravitational background [16, 17] .
I 8 (1) is the anomaly polynomial for a single, free, (2, 0) tensor multiplet [18, 19] :
p 2 (F ) is the second Pontryagin class for the background SO(5) R field strength F :
At a generic point of the moduli space, the only massless degrees of freedom are N − 1 copies of tensor multiplets giving rise to the anomaly of (N − 1)I 8 (1). However, based on 't Hooft anomaly matching condition, the integration out of the massive degrees of freedom will produce the WZ term in the effective action, which will offer the missing (N 3 − N)p 2 (F )/24 part so that the total anomaly is still the same as before [4] . In the following, we will show that the WZ term in (12) 
In presence of the background field A, the pullback of the S 4 unite volume form on W 7 becomes 
where φ a i is the vacuum expectation value of scalar field for the i th M5 brane. e 4 (φ, A) is the global angular form defined over the sphere bundle with fiber S 4 and base space W 7 .
Under the SO(5) transformation,
Dφ a and F ab transform covariantly under (19) , while e 4 (φ, A) is SO (5) invariant. For the present problem, we have N 2 − N global angular forms e 4 (φ, A) with differentφ but the same A. Since e 4 is SO(5) invariant, they can also be equivalently represented by e 4 (φ, A) with the sameφ but different A. p 2 (F ) is the second Pontryagin class of a rank 5 real vector bundle, nevertheless, we still have
where χ(F ) is the Euler class of a rank 4 subbundle with the orthogonal line bundle trivial. One can always choose particularφ 0 so that
Actually, for suchφ 0 , Dφ 0 = 0, so e 4 (φ 0 , A) reduces to the Euler class. We take thisφ 0 as the standard and transform all of the angular forms into the form of e 4 (φ 0 ,Ã), whereÃ are different connections defined on the same normal bundle. Just as the invariant polynomials, ifÃ andÃ ′ are two different connections,
with e 3 the corresponding Chern-Simons forms [16] .
For different connections, e 3 only differ by a SO(5) invariant term. Return to the original global angular form e 4 (φ, A), we will have
where both α and β are SO(5) invariant.
By descent equations,
Now, consider the SO(5) gauge transformation of (12) . For each term,
There are totally N 3 − N such terms, so Γ W Z could indeed reproduce the (N 3 − N)p 2 (F )/24 part of the anomaly.
If the SU(N) group is broken to some subgroup like U(N 1 ) × U(N 2 ) × SU(N 3 ) with N 1 + N 2 + N 3 = N, the deficit of the anomaly produced by massless degrees of freedoms is
3 terms exactly compensating the deficit. 4 The degrees of freedom in M5 branes producing the WZ term
The supergravity interaction between D-branes is pairwise. This is consistent with the fact that the WZ term for N D-branes in a generic Coulomb branch could be written as the sum of N(N − 1)/2 terms labeled by (ij) index [5, 6] . On the other hand, the A 3 ∧ F 4 term in the action of M5 branes gives a triple interaction. That is, three M5 branes could interact simultaneously. The supergravity interaction for D-branes is produced by open strings connecting two D-branes. Similarly, one may expect that the triple interaction A 3 ∧ F 4 could be produced by open M2 branes connecting three M5 branes.
Another example of N 3 interaction is given by M theory compactified on a Calabi-Yau threefold with M5-branes wrapping 4-cycles, giving rise to N = 1 5d supergravity along with the chiral strings [20, 21] . In the bulk, we have Chern-Simons term C 1 ∧ dC 1 ∧ dC 1 , while in the worldsheet of chiral strings, C 1 ∧ dC 1 may exist [4] . These N 3 degrees of freedom in entropy are explained as states living at the triple-intersection of M5 branes [22, 23] .
In [8] and more recently, [9] , the 1/4 BPS objects in the Coulomb phase of the ADE-type 6d (2, 0) superconformal theories are explored. They are made of waves on selfdual strings and junctions of selfdual strings. Especially, in [9] , it is shown that the number of 1/4 BPS objects matches exactly one third of the anomaly constant c G = d G h G for all ADE types, which strongly indicates that the anomaly may be produced by these 1/4 BPS objects. In A N −1 case, there are N(N − 1)/2 1/2 BPS selfdual strings with tension T ij ∝ |φ i − φ j |. On each selfdual string, there are left and right 1/4 BPS waves. Turning on these BPS waves, we get N(N − 1) 1/4 BPS objects. For every three M5 branes ijk, 1/4 BPS junction exists. The tension of the string junctions is characterized by
The junction forms a dual lattice to the triangle ∆ ijk , if one indentify the SO(5) in W 6 with the SO(5) in the transverse space. For such configuration, the tension of selfdual strings is balanced and the junction is 1/4 BPS. There are totally N(N − 1)(N − 2)/3 such objects because of the junction and anti-junction. Altogether, the 1/4 BPS objects on N M5 branes in a generic Coulomb branch is N(N 2 − 1)/3. Let us rewrite (12) in a more symmetric way.
(σ 3ij ∧ω 4jj +σ 3jj ∧ω 4ij +σ 3ij ∧ω 4ij )]. (33) It seems that junction and anti-junction may produce the term Ω ijk , while left and right waves on selfdual strings could give Ω ij . Recall that in D-brane case, the WZ term arising from the integration out of massive fermions ψ ij is expressed in terms of the vector φ i − φ j [5, 6] ; here, the WZ term produced by string junctions (ijk) could be calculated from the vectors (φ i − φ j , φ j − φ k , φ k − φ i ). When i = k, the three string junctions degenerate to one selfdual string with tension T ij ∝ |φ i − φ j | and the other tensionless selfdual string perpendicularly ending on it. So, in some sense, selfdual string with waves is a degeneration of the string junction.
. Now suppose the vacuum expectation value of b 2 on the i th M5 brane is b 2i , W 6 H 3 ∧ A 3 part of the WZ term should also enter into the low energy effective action, although it does not contribute to the anomaly since dH 3 = 0. In [7] , based on the supergravity calculation, it is shown that
. This is the typical pairwise interaction. The reduction of W 6 H 3 ∧ A 3 on S 1 gives W 5 F 2 ∧ A 3 , the WZ term of the 5d SYM theory. In 5d SYM theory, W 5 F 2 ∧ A 3 is generated by the integration out of massive fermions coming from the selfdual strings wrapping S 1 , so it is quite possible that (34) is produced by 1/2 BPS selfdual strings.
The non-abelian part of the R-symmetry anomaly are all accounted for by 1/4 BPS objects. R-symmetry anomaly and Weyl anomaly are related by supersymmetry. In [24] , the conformal anomaly of 6d (2, 0) SCFT of A N −1 type is calculated as
where A tens is the conformal anomaly of the free (2, 0) tensor multiplet. It is expected that the 1/4 BPS objects could produce (N 3 − N)A, if they could give the corresponding part in R-symmetry anomaly. Note that N − 1 1/2 BPS massless particles and N(N − 1)(N − 2)/3 junctions of selfdual strings always contribute to the anomaly and entropy. However, the N(N − 1)/2 selfdual strings have no contribution to the anomaly nor entropy unless the BPS waves are turned on thus the supersymmetry is reduced to 1/4. Once the selfdual strings become 1/4 BPS, the anomaly polynomial of them is the same as that of the string junctions, since the 1/4 BPS selfdual strings could be taken as the degeneration of the string junctions.
Then the question is why the 1/2 BPS selfdual strings have no contribution to the anomaly nor the entropy. In N = 4 SYM theory, 1/4 BPS states arising from string junctions ending on three D3 branes also exist [25] , however, the anomaly and entropy are both give by 1/2 BPS particles. In some sense, the 1/4 BPS states could be taken as the bound states of the 1/2 BPS states, so it is likely that for N = 4 SYM theory, 1/2 BPS states are fundamental, while for 6d (2, 0) theory, it is the bound states which are dominating.
The general form of the anomaly for a 6d (2, 0) SCFT of the ADE type G is
. r G , d G and h G are the rank, the dimension, and the Coxeter number of the Lie algebra of type G. The theory contains r G 1/2 BPS massless particles, r G h G 1/2 BPS selfdual strings, and c G /3 1/4 BPS objects. The anomaly of the single M5 brane does not have the A X part, so r G 1/2 BPS massless particles only contribute to A tens . Then A X should be generated by 1/2 BPS selfdual strings or 1/4 BPS objects.
If one wants to interpret it in terms of selfdual strings, each selfdual string should give the anomaly of (h G + 1)A X , which in SU(N) case, is (N + 1)A X . It is difficult to explain this h G + 1 factor. Otherwise, since the total number of the 1/2 BPS states is d G , they can account for the A X part if each one contributes h G A X . This looks more reasonable, but the problem is that the r G 1/2 BPS massless particles will contribute to A tens as well as A X . The most natural possibility is that A X is produced by 1/4 BPS objects, which are intrinsically three selfdual string junctions. Finally, notice that for N = 4 SYM theory, the anomaly takes the form A 4 = (N 2 −1)A vec , where A vec is the anomaly of a free vector multiplet. The anomaly is not renormalized from weak to strong coupling, so we can calculate it from the free field value. Besides, N 2 − 1 elements in the Lie algebra give the same contribution to the anomaly, indicating that they are allowed to transform into each other. On the other hand, for 6d (2, 0) SCFT, the anomaly polynomial is of the form A 2,0 = (N − 1)A tens + (N 3 − N)A X other than (N 3 − 1)A, which seems indicate that there are something special about the non-abelian part.
6d (2, 0) SCFT compactified on S 1 gives 5d SYM theory. Selfdual strings wrapping on S 1 become 1/2 BPS particles. The unwrapped selfdual strings and 1/4 BPS string junctions in 6d descend to the corresponding string-like objects in 5d [8, 9] . String junctions may also appear as point-like particles in the compactified theory. Consider the 6d SCFT compactified on a Riemann surface Σ g with g > 1 [26, 27, 28] , the T part of Σ g is the natural place for string junctions to wrap. Σ g is built from 2(g − 1) T N blocks and 3(g − 1) I N blocks. T N and I N are spheres with 3 and 2 full punctures respectively. The dimension of the Coulomb branch for T N and I N are
The effective number of vector multiplets for T N and I N are
Note that
and
are the dimension of the Coulomb branch and the effective number of vector multiplets for the Σ g theory. Especially, when g = 1, Σ 1 is simply constructed from one I N . The degrees of freedom arising from strings could be calculated as
n T N could be naturally accounted for by string junctions 3 , while n I N is associated with the selfdual strings. In the generic point of the Coulomb branch of T N , the Seiberg-Witten curve is a Riemann surface with (N − 1)(N − 2)/2 genus and 3N simple punctures [27, 29] . In that case, n T N could also be explained as the number of M2 branes with two boundaries. However, at the origin of the moduli space, the only nontrivial configurations are M2 branes with three boundaries. The anomaly polynomial I 6 (N) in 4d is obtained from I 8 (N) in 6d by the integration over Σ g [30, 31] . Both of them have a N 3 scaling part.
WZ term from the integration of massive fermions
The WZ term could be derived by a 1-loop calculation in field theory. For SU(N) gauge theories, this has been done in [5, 6, 10] . In Coulomb branch, fermions get mass due to the Yukawa coupling. The integration of the fermion loop gives WZ terms in the low energy effective action. We don't know the structure of the 6d (2, 0) field theory. A recent calculation on scattering amplitudes [32] indicates that an interacting 6d Lagrangian with classical OSp(8|4) symmetry cannot be constructed using only (2, 0) tensor multiplets, even if the Lagrangian is non-local. A Lagrangian description may exist, however, if one includes additional degrees of freedom, for example, the selfdual strings. It is possible that the 6d (2, 0) theory may be quite different from the ordinary field theories, and so, the WZ term in the effective action should also be calculated in a peculiar way. Alternatively, if the theory is constructed as a normal QFT containing fermionic degrees of freedom and the corresponding Dirac operators, then at a generic Coulomb branch, the WZ term may be calculated by a standard fermion-loop integration. In both cases, the Hopf-Wess-Zumino term should be generated to compensate the anomaly deficit. In the following, we will discuss the WZ term for the second possibility, especially, for the 3-algebra valued tensor multiplet. For the calculation of the WZ term, the input from the field theory is the Dirac operator involving Yukawa couplings as well as the gauge couplings. For SU(N) gauge theories, the Yukawa coupling is Γ I [X I , ψ]. In Coulomb branch, it becomes Γ I (φ I i − φ I j )ψ ij , giving mass |φ i − φ j | to ψ ij . |φ i − φ j | is the length of the string connecting the i th and the j th D-branes. 3 
String junctions could give 2C
3 N , but the extra factor 2 is a little difficult to explain.
On the other hand, the Lagrangian of the M2 branes has a sextic potential [33, 34, 35, 36] , so the fermion mass scales as the area other than the length, reflecting the fact that M2 branes are connected by M2 branes other than strings [38, 39] . M5 branes are also connected by M2 branes, so we may expect that the fermion mass will give the area of the M2 branes connecting different M5 branes. However, there is a difference. The M2 branes connecting parallel M2 branes are totally located in the transverse space. The endpoint is simply a point. As a result, the Yukawa coupling in BLG model takes the form of Γ I Γ J [X I , X J , ψ] [33, 34, 35] , where X I and X J carry the transverse index. Conversely, the M2 branes connecting parallel M5 branes have one dimension living in the worldvolume of M5. The endpoint is a string. Correspondingly, we may have Γ µ Γ I [C µ , X I , ψ], where µ = 0 · · · 5, I = 6 · · · 10. Actually, in [11] , an attempt to find the 6d (2, 0) theory with the 3-algebra structure has already been made. It was shown that for the closure of the supersymmetry, an additional vector C µ must be introduced, while the 3-brackets appearing in the equations of motion always take the form [C µ , A, B]. Later, in [37, 40] , the equations of motion found in [11] get a natural interpretation as the supersymmetric gauge field equations in loop space. C µ is associated with the vector tangential to the loop in the worldvolume of M5 branes.
The field content in [11] includes the tensor multiplet composed by X I with I = 6 · · · 10, ψ, and H µνλ with µ, ν, λ = 0 · · · 5, an auxiliary gauge field A µ , and a vector field C µ . [37] . The equations of motion for 3-algebra valued (2, 0) tensor multiplets found in [11] are
The supersymmetry transformations are [11] 
When C µ = 0, (42)- (48) reduce to the equations of motion for free tensor multiplets. We may take C µ as a vector associated with the selfdual strings. The length of C µ may characterize the length of strings. When the strings shrink to points, which are described by tensor multiplets, the interaction disappears. A particular C µ corresponds to a particular set of selfdual strings with the given length and the orientation. We want to take C µ as the new degrees of freedom added, so we will not specify it. The path integral may cover all possible configurations of C µ . Now, consider the Coulomb branch of the theory. The supersymmetry transformation (50) suggests that the vacuum configuration is given by constant 
Besides,
The form of the Dirac operator in (51) is quite natural, so it may also appear in other models for 6d (2, 0) theories, for example, [41] . ψ m are the 6d anti-chiral fermions. Written as the 11d Majorana spinors, Γ 7 ψ m = −ψ m , where Γ 7 = Γ 012345 . Just as that in [5, 6] , the WZ term could be written as
where Sp is the trace in spinor indices. WZ term comes from the imaginary part of the effective action. Taking the difference of (54) with its complex conjugate,
(55) could be expanded as the sum of the terms proportional to 1 or T r(
, so we need to extract the term proportional to T r(Γ 0 · · · Γ 10 ) ∝ ǫ 0···10 . In the numerator, iΓ ν Γ I φ I mν in D / will be kept, while in the denominator,
The integral that needs to be performed is
The constraint [C µ , ∇ µ ψ m , * ] = 0 reduces the dynamics from 6d to 5d. If C µ is taken as the vector tangential to the selfdual string, the constraint means that the physical momentum of the string is along the transverse direction. As a result, d = 5.
For n = 4, 2n
The counterpart of L 1 in the low energy effective action is L 
To get the nonzero result, the first six Gamma matrices should multiply to 1, while the last five Gamma matrices should cover Γ 6 · · · Γ 10 . The trace then becomes
As is mentioned before, c m is not fixed but should also be integrated in the path integral. The orientation of the selfdual string in 6d spacetime is arbitrary. Summing over all possible directions, c
Compared with (61), (63) contains * which is resulted from Γ 7 inside the trace. This is not quite satisfactory, but luckily, since * h = h, (61) and (63) still coincide up to a |c m | factor. Notice that to get L 1 which is close to L ′ 1 , d = 5 is quite crucial. For an ordinary 6d theory without the constraint, the denominator is ( φ I mµ φ µ mI ) 2n−4 , so one cannot get L ′ 1 no matter which n is taken. In other words, to get the WZ term H 3 ∧ A 3 , the basic degrees of freedom should be the 1d object with 5d momentum other than the 0d object with 6d momentum. For 1/2 BPS selfdual strings, the momentum is along the transverse direction, since the momentum along the longitudinal direction may reduce the selfdual string to a 1/4 BPS state [42] . So the constraint in [11] may indicate that the selfdual strings involved in equations are 1/2 BPS states. The WZ term H 3 ∧ A 3 is generated by 1/2 BPS selfdual strings.
In [43] , the anomaly of the 1/2 BPS selfdual strings coupling with tensor multiplets was discussed in analogy with the anomaly of M5 branes coupling with supergravity. In the generic Coulomb branch, there are N(N − 1) selfdual strings acting as the sources for the relative 3-forms h ij . H 3 ∧ A 3 is exactly the term in the bulk cancelling the selfdual string normal bundle anomaly [43] . When reduced to 5d, H 3 ∧ A 3 becomes F 2 ∧ A 3 , which is the term needed to cancel the normal bundle anomaly of the magnetic monostring [43] . On the other hand, F 2 ∧ A 3 could be obtained in 5d SYM theory by the integration out of the massive fields which are the quantization of the electric dual of the monostring. The dual of the selfdual string is itself, so we may expect that H 3 ∧A 3 could be derived by the integration out of the fields which are the quantization of the selfdual string.
The next problem is to get the WZ term corresponding to A 3 ∧ F 4 ∼ σ 3 ∧ ω 4 , which is far more difficult. The field theory calculation gives δΓ W Z /δφ I , the counterpart of the Lorentz force on supergravity side. Consider a M5 brane in a background fieldF 4 , the action contains the term S = − W 6 A 6 , dA 6 = * F 4 + A 3 ∧F 4 /2.
Y n i are embedding coordinates. n i = 0 · · · 10, Y I = φ I . f 6I and g 6I are forces related with the magnetic-magnetic interaction and the electric-magnetic interaction respectively. g 6I is the Lorentz force derived from the WZ term. If db 2 is also taken into account,
For the WZ term in (32),
up to a total derivative. α is a constant. Except for the 6-form, (66) also contains the 7-form because σ 3 ∧ ω 4 alone is not closed.
. (69) We need to get the 6-form of (69) from the field theory calculation. The first thing is to find an explicit expression for σ 3 . Consider the 5d transverse space with coordinate φ a i , a i = 6 · · · 10,
σ 3 could be constructed in analogy with the gauge field describing the magnetic monopole in 3d space. Select an arbitrary vector v, v · φ = |v||φ| cos θ,
σ 3 is singular on a ray OV starting from the origin and extending in −v direction. In 11d spacetime, OV × W 6 = W 7 . W 7 is the Dirac brane similar to the Dirac string [12, 14] . Replace v by −v, we get another σ 3 . Take the average of these two σ 3 's, the last term in (71) could be dropped. Of course, in this case, the singularity exists in a straight line. One may have
σ 3ji is only determined up to an exact form dχ 2ji . One may want to take the first term of (72) as σ 3ji for simplicity, but there is a problem. The only input on field theory side is the vacuum expectation value (φ 1 , · · · , φ N ) on W 6 . As a result, we have to construct the 6-form from (φ ij , φ jk , φ ki ). The first term of σ 3ji in (72) contains a constant vector v, which has no relevance with the vacuum expectation value. We may try to replace v by vectors constructed from (φ 1 , · · · , φ N ). For example, for the 6-form σ 3ji ∧ F 3kiI living on W 6 ,
v may be replaced by φ ki , but then the extra terms should be added because φ ki may not be constant.
Notice that the epsilon symbols involved in H 3 ∧ F 3 and the Lorenz force in SYM theories are ǫ M 1 M 2 ···M 11 and ǫ N 1 N 2 ···N 10 which are equal to the traces of the Gamma matrices product, thus could be derived via the 1-loop fermion integration. On the other hand, σ 3 ∧F 3 contains ǫ a 1 ···a 5 ǫ b 1 ···b 5 ǫ µ 1 ···µ 6 with a i , b i = 6 · · · 10, µ i = 0 · · · 5 that cannot be identified with the single trace. As a result, a 1-loop calculation cannot produce A 3 ∧F 4 . Maybe a refined integration is needed. For example, since each fermion loop gives a single epsilon symbol, one may consider two fermion loops, one for φ ji and the other for φ ki , giving rise to ǫ a 1 ···a 5 ǫ µ 1 ···µ 3 ν 1 ···ν 3 and ǫ b 1 ···b 5 ǫ µ 4 ···µ 6 ν 4 ···ν 6 respectively. With a suitable contraction, ǫ a 1 ···a 5 ǫ b 1 ···b 5 ǫ µ 1 ···µ 3 ν 1 ···ν 3 ǫ µ 4 ···µ 6 ν 1 ···ν 3 may be produced, from which, one can at most get * A 3 ∧ F 3 other than A 3 ∧ F 3 . This is acceptable if the self duality condition is imposed. If we take ψ ij as the fundamental fields, the two loop fermion integration seems indicate that the anomaly is produced by the bound state of ψ ji and ψ ki , which are again three index objects. Given that in standard field theory, the only way to get the epsilon symbols is through the fermion loop integration, one may also expect that the 6d (2, 0) theory may not be the ordinary QFT thus cannot be analyzed in this way. No matter in which case, even if we could get the correct epsilon symbol, we still need to ensure that each term takes the form of σ 3ji ∧ ω 4ki with two roots involved. One possibility is to start from the three indices fundamental fields at the beginning. Or one can take two indices fields as fundamental, but there must be a justification for why ψ ji and ψ ki appear simultaneously in the integration.
Conclusion
In this paper, we discussed the WZ term in the low energy effective action of the 6d (2, 0) field theory in the generic Coulomb branch. As a topological term, WZ term does not depend on the metric nor the coupling, so it is protected. For such terms, the supergravity calculation and the field theory calculation will give the same result. There is no available 6d (2, 0) field theory at present, so we will first calculate the WZ term on supergravity side. We then show that the obtained WZ term could indeed compensate the anomaly deficit, as is required by the anomaly matching condition, thus should appear in the low energy effective action.
For SYM theory in a generic Coulomb branch, each WZ term involves one root e i − e j , which is consistent with the fact that the supergravity interaction is produced by the integrating out of massive strings connecting the i th and the j th D branes. On the other hand, for M5 branes, each WZ term involves two roots e i − e j and e k − e j . One may expect that such kind of triple interaction may be generated by the integrating out of the massive objects carrying (i, j, k) indices. A natural candidate is the string junction with tension (|φ ij |, |φ jk |, |φ ki |) proposed in [8, 9] .
The 6d (2, 0) theory may have a mathematical structure which is different from the ordinal QFT, or it could just be constructed as a normal quantum field theory. In the latter case, the WZ term could be calculated by a standard 1-loop integration. The input from the field theory is the Dirac operator on the given background scalar fields and tensor fields. The algebra structure is involved. For SU(N) SYM theories, the 2-algebra gives (N 2 − N)/2 terms characterized by roots e i − e j . The Hopf-Wess-Zumino term for 6d (2, 0) theory is composed by (N 3 − N)/3 terms with roots (e i − e j , e j − e k , e k − e i ), so it may indicate a new algebra structure. The 3-algebra may be a natural candidate, but it has no finite dimensional Euclidean representation. We calculate the WZ term for the 3-algebra valued (2, 0) tensor multiplet theory proposed in [11] . The H 3 ∧ A 3 part of the WZ term could be obtained. However, the A 3 ∧ F 4 part, which is responsible for the anomaly compensating, cannot be produced by the 1-loop fermion integration, indicating that some key ingredient is still missing.
From (78),
As a result,
For d < 3, or equivalently, for purely electric branes, S boundary = 0. If M D has no boundary, S boundary could also be dropped. Then for the given brane configuration, if S is on-shell with respect to supergravity, we have 
The extension to multi-brane configurations is straightforward, and (84) still holds. When the dimensions of the branes are different, the exact proportional relation is not valid anymore. Besides, when F ij does not vanish, i.e. the (p − 1)-brane carries p − 1 − 2n charge, (84) does not hold. Naively, when D = 11, d = 6, neglecting the boundary term, S brane : S gravity : S = 3 : (−2) : 1 5 . However, S here is not exactly the action for M5 branes coupling with supergravity. In the following, we will use (1) as the action to get the same conclusion. Now, consider S = S g + S M 5 (86) 5 Note that for D3, M2, M5 branes, S brane /S equals to 2, 3/2, and 3, while the degrees of freedom on these branes scale as N 2 , N 3/2 , and N 3 . This is not the coincidence. Suppose the degrees of freedom on N branes scale as N α . Also suppose that in S brane , there is a term T has the N α scaling. Consider N + 1 branes with large N , when the symmetry is broken from SU (N + 1) to SU (N ) × U (1), (N + 1) α − N α ∼ αN α−1 number of T will enter into S brane . On the other hand, the effective action of the system could be approximated as the action of a single brane on the background generated by the rest N branes. In S ef f , one may get N α−1 T . Obviously, T in S brane and T in S ef f differ by a α factor. For D3, T is F 5 , for M 5, T is A 3 ∧ F 4 , while for M 2, T is obscure. 
The vacuum expectation value of b 2 are taken to be zero, otherwise, (84) 
We will still use the general relation (81) for M5 branes. The Nambu-Goto action for M5 branes is more involved than that for D branes or M2 branes, so the correction may exist, but that will not bring too many problems, since our main concern is the WZ term. Because of the last two terms, the exact proportional relation does not hold. We are interested with (93), which could be rewritten as
For magnetic field, d * F 4 = 0, the last term vanishes, so the Hopf-Wess-Zumino term is only related with F 4 ∧ F 4 ∧ A 3 , for which, the 1/3 factor appears. Similarly, for D3 branes, one may expect that the WZ term should be one half of the corresponding term in the D3 brane action. This is indeed the case, and it is just this rescaled term that is obtained from the 1-loop integration and compensates the anomaly deficit.
